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It is well known that dielectric absorption plays a critical role in determining the accu-
racy of analog sampled-data systems that are based on charge storage, such as sample-
and-holds and switched-capacitor ADCs. Less appreciated, but no less important, is the
role it plays in determining the quality factor, or Q, of the capacitor. Dielectric absorp-
tion has both storage and loss components that act, and are significant, over the entire
usable frequency range of the capacitor.

Along with background information on the origins of dielectric absorption, this paper
presents two models for a capacitor that exhibits dielectric absorption. The first is the
relatively well known model proposed by Dow. The second is a model with relatively
little exposure that is based on the dielectric permittivity model of Cole and Cole. This
model has fewer parameters than the Dow model and is predictive over a very broad
range of frequencies.

This manuscript was originally written in March 1982 and was revised in October 2001. It was
last updated on August 18, 2021. You can find the most recent version at www.designers-
guide.org. Contact the author via e-mail at ken@designers-guide.com.

Permission to make copies, either paper or electronic, of this work for personal or classroom use
is granted without fee provided that the copies are not made or distributed for profit or commer-
cial advantage and that the copies are complete and unmodified. To distribute otherwise, to pub-
lish, to post on servers, or to distribute to lists, requires prior written permission.

Copyright © 2021, Kenneth S. Kundert — All Rights Reserved 10f19


http://www.designers-guide.org
http://www.designers-guide.org
mailto:ken@designers-guide.com
mailto:ken@designers-guide.com
http://www.designers-guide.com/home.html
http://www.designers-guide.org
http://www.designers-guide.org

Introduction

1.0

Introduction

2.0

A fundamental limitation in the accuracy of sample-and-holds and A-D converters is a
phenomenon called dielectric absorption, which also goes by the names of dielectric
relaxation and soakage [20]. Dielectric absorption is the tendency of a capacitor to
recharge itself after being discharged. While not widely appreciated, dielectric absorp-
tion is also the dominant loss model over the entire usable range of most capacitors, and
so can also affect the performance of high-Q circuits such as VCOs.

This paper covers the symptoms of dielectric absorption in both the time and the fre-
quency domains, the physical mechanism that causes it, and the process of modeling it.

Symptoms

If a capacitor remains charged for a long period of time and then is briefly shorted, the
voltage on the capacitor will slowly tend to recover to a fixed percentage (typically
between 0.01% and 10%) of its original value. This percentage is a simple measure of
dielectric absorption. The amount of dielectric absorption a capacitor exhibits is highly
dependent on the dielectric material: polystyrene, polypropylene, and teflon display
very little absorption, while ceramic is a much poorer performer. SiO, displays about
0.1% dielectric absorption, putting its performance in the middle of the pack [12,16].
Recovery that results from dielectric absorption can be simply modeled with the circuit
in Figure 1.

FIGURE 1.

A simple model for an absorptive capacitor and its response to a negative current impulse.
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This simple model is a good first step, but it is unable to properly model the time con-
stant of the recovery, or relaxation, period for most dielectrics. After releasing the short
on the capacitor, the voltage will initially build back very quickly. In usually 1 to 10 sec-
onds, 50% of the final value is reached. But then the recovery process slows consider-
ably and it often takes 20 minutes to close within 5% of the final value. This means that
many more time constants will be required to properly model dielectric absorption.

The model of Figure 1, though an over simplification, shows the dielectric absorption
has aspects of both memory and dissipation. The memory is provided by the supplemen-
tal capacitor Cj—C.,, making the effective capacitance larger at low frequencies than at
high. The dissipation is provided by the resistor R. It is the loss provided by R that
makes dielectric absorption of interest to designers of high-Q circuits. It is the wide
range of time constants of dielectric absorption, not modeled in Figure 1, that causes
both the memory and the dissipation aspects to be noticeable over the capacitor’s entire
usable frequency range.
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Polar Dielectrics

Shown in Figure 2 is a plot of both the resistive and reactive parts of the impedance of a
10 nF X7R! multilayer monolithic ceramic capacitor. Notice the behavior of the resis-
tive portion of the impedance. It has roughly a one pole slope from 10 kHz to 10 MHz,
where it flattens out and then turns up again. This behavior has been widely observed
[18,23]. At high frequencies, the resistance is dominated by loss in the conductor (the
leads and the plates). It increases roughly in proportion to »/f at high frequencies due to
skin effect. At low frequencies, the resistance is dominated by losses in the dielectric:
dielectric absorption. It decreases roughly in proportion to /! This is consistent with
the empirical observation that the dissipation factor (tan dp) for many capacitors is
almost constant in their usable frequency range [23]. Resistance is related to dissipation
factor by

tand,

Co (1

FIGURE 2. Resistance (R) and reactance (X) of a 10 nF ceramic capacitor.
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3.0 Polar Dielectrics
The permittivity of a dielectric varies with frequency as various mechanisms within the
dielectric are excited [5]. As an electric field impinges on a dielectric material, the
charge particles in that material will rearrange themselves in such a way as to line their
dipole moments up with the field. This acts to increase the flux density and therefore the
permittivity. This is shown for a polar material in Figure 3. Region (1) is in the range of
1. The X7R designation indicates that the capacitance deviates no more than £15% from nominal
over the =55 C to 125 C temperature range.
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X-rays and above. At these frequencies there is no interaction between the material and
the wave, and so the permittivity (€) is the same as the free space permittivity (gp). As
frequency decreases the inner electrons (2), the valence electrons (3), and eventually the
atoms (4) themselves successively resonate and make their contributions to the permit-
tivity. Notice that during these resonances the permittivity becomes complex (€ =¢” +
j€'"), which indicates that the dielectric becomes lossy. As frequency descends, polar
molecules (5), or in some materials, electric domains, become excited and increase the
permittivity greatly. For the polar molecules this is called dipole relaxation, while for
the electric domains it is called ferroelectric relaxation (so named because of its similar-
ity to ferromagnetism) [4, 21]. These two represent the mechanism behind dielectric
absorption. The last process that affects permittivity is called space charge relaxation
(6). This is caused by charges that are free to move about but not to recombine at the
electrodes. These charges behave at low frequencies like macroscopic dipoles that
reverse their direction each half period.

FIGURE 3.

Permittivity characteristics of a polar dielectric versus frequency.
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DeBye first showed that for polar molecules in gaseous form the permittivity versus fre-
quency could be written as follows [9]:

€)— €,

2

g(w) = g_+

(@) “ l+jot
where €() is the complex permittivity (€ =€" +je""), €., is the permittivity at frequen-
cies above dipole relaxation, € is the permittivity at frequencies below dipole relax-
ation, and 7 is the relaxation time constant. This behavior is accurately represented by
the model of Figure 1.

It was later shown by Cole and Cole that this equation does not adequately predict the
behavior of liquid and solid dielectrics [6]. They measured a large number of materials
and found that when €”” was plotted versus €', a curved arc resulted, whereas a semicir-
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cle was predicted by the DeBye relation. They were able to modify the DeBye relation
in order to fit the new data for non-gaseous dielectrics. The Cole and Cole relationship
is:

€9~

oo

g(w) =¢  + ———r—r
(@) =¢.. 1+ (jory)! @

where 0 < a< 1 3)

This equation models the €'-¢"” curve as a portion of a circle with its center below the €’
axis. The constant o is a measure of how far the center is below the axis. In Figure 4 the
effect of o on both €” versus € and the impedance of an otherwise ideal capacitor is
shown. Note that at 1/1(, both the asymptotic slopes of the resistance and the effective
capacitance changes, and the width of the transition is very sharp for the DeBye dielec-
tric (o0 = 0) and becomes very wide as o increases.

Given the Cole and Cole relationship:

. Co—C., .
Z(0) = {]w Cpt ——— } 4)

1+ (joty)! -

where Z(w) is the impedance of the capacitor, C,, = 4¢€,/d is the high frequency capaci-
tance, C = Agy/d is low frequency capacitance, 4 is the area of the parallel plate capac-
itor, and d is the distance between the plates.

Notice that as ® goes to zero the slope of the resistance on a log-log plot approaches —c.
As o goes to infinity the slope of the resistance on a log-log plot approaches —(2—c).
And finally, when o = 0, the Cole-Cole relation is identical to DeBye’s.

It can be shown that the Cole-Cole relation is made up of an infinite number of DeBye
relaxation processes. In a gas where the molecules are relatively simple and indepen-
dent, a single time constant dominates. In a liquid or a solid, the molecules can be very
large or be bound in a lattice. This makes the reorientation of polar molecules subjected
to an electric field a slow and complicated process. In addition, some polarization of the
dielectric may be due to physical charges accumulating on grain boundaries of polycrys-
taline materials, charges tunneling to the surface states at the plate interface, or the for-
mation of electric domains. The time constants associated with these dipoles may range
from nanoseconds to minutes or longer [12].

Since dipole relaxation is a molecular process, it shows anisotropic properties as well as
temperature dependence. Ferroelectric relaxation also shows a temperature dependence
up to its Curie temperature, when the electric domains break down and the effect disap-
pears just as in ferromagnetic materials. Absorption in dielectrics is also a strong func-
tion of the amount and type of impurities in the dielectrics. Water in printed circuit
laminates is responsible for a form of dielectric absorption called “hook” that causes
many problems for users of high impedance and high frequency attenuators.

For some materials the €'-¢”" diagram is not symmetric, as shown in Figure 5. This can
be reasonable well modeled by a formula proposed by Davidson and Cole [8]:

_ N €y~ €, 5
e(s) € m ()

The Dcsigncr‘s Guide Community 50f19

www.designers-guide.org


http://www.designers-guide.org
http://www.designers-guide.org

Polar Dielectrics

FIGURE 4. Dielectric Cole-Cole and impedance plots for various values of o.
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for 0 < o < 1. This model does not seem to apply for most capacitors and so will not be
considered further.

FIGURE 5. Skewed Cole-Cole diagram.
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4.0 Modeling Absorptive Capacitors

Dielectric absorption in a capacitor is difficult to characterize accurately because of the
very wide range of the time constants involved and because of the high level of perfor-
mance required in the measuring equipment. To get a good characterization, the capaci-
tor response must be measured for a range of frequencies at least three decades higher
and lower than 1/7,. Frequency domain measurements must be made with vector imped-
ance analyzers that can accurately resolve a small resistive component in a largely reac-
tive impedance (they must be able to accurately measure large values of Q). In the
frequency domain the resistive portion of the impedance gives the most information
about dielectric absorption. In the time domain, which is usually used for measurement
longer than 100 ms, an ammeter is needed with very low bias current and the ability to
resolve very low currents. If these instruments are available, then an accurate and com-
plete model can be made, but such a model is often not required. To completely model
dielectric absorption would require, in most cases, a range of accuracy that spans ten
decades of frequency or more. Generally, however, the application does not warrant
such a model and one can get by with a model that is faithful to the behavior of the
physical component over a much smaller range of frequencies.

There are two different approaches to making the measurements in the time domain
needed to characterize dielectric absorption. In the ‘discharge current’ approach, the
capacitor is charged for a very long time and then abruptly shorted, and the current that
passes through the capacitor is measured versus time. This is the preferred approach.
The second approach is referred to as the “voltage recovery’ approach. Here, the capaci-
tor is again charged for a long time and abruptly shorted, but the short is quickly
removed and the voltage on the capacitor is measured versus time. There are several
substantial errors present in this method that act to limit the achievable accuracy. The
most important involves how long the short is maintained. Conceptually, the short
should drain the charge in C.,, but not drain any charge that has been absorbed by the
dielectric. Thus, the short should create a current impulse, and so should have infinitely
short duration, which of course is not practical. Consider, if this test were made by
shorting out a charge capacitor for 1 ms. All the energy stored in dielectric absorption
time constants of less than 1 ms would be lost. Consequently, the recovery voltage
would be significantly lower than if a true current impulse were used. Another problem
with this method is that since a voltage is present on the capacitor, there is more error
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due to leakage resistances and bias currents. In addition, more resolution is needed from
the measuring equipment than with the discharge current method.

Two approaches for generating a model are presented, one from time-domain data that
was first proposed by Dow, and one from frequency-domain data that is based on the
Cole-Cole parameters. Also presented are insights into how to derive the Cole-Cole
parameters from both time-domain and frequency-domain data. I will only briefly cover
the time-domain method as it is relatively well known. The Cole-Cole parameters
method will be given a more complete coverage since it has had considerably less expo-
sure in the circuit design community.

Dow Method

For the time-domain modeling method presented by Dow, the absorptive capacitor is
charged for a long time and suddenly shorted. The discharge current is carefully mea-
sured and plotted [11,14]. This is done in Figure 6 for a 1 uF polystyrene capacitor.

FIGURE 6. Absorptive capacitor discharge current.
1
ImAT
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This voltage step response can be approximated by a summation of decaying exponen-
tials,
L_¢ > e 6)
Ve = k
k
Since there is no ringing in the step response the exponentials are real and can be mod-
eled as RC pairs. We are summing currents into a short circuit and therefore the RC
pairs will be added in parallel to C,,. A sixth-order model is shown in Figure 7 with the
time constants to fit the data in Figure 6 given in Table 1. The values are computed with
C,=1uF @)
Ry = — ®)
ko a #Coo
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FIGURE 7. Absorptive model of a 1 \F polystyrene capacitor, values are given in Table 1.
Ry R, Ry Ry Rs
Z(s)
TTTTT T
TABLE 1. Data for the model of Figure 7.
k Rk Ck Ck/Cm choo ’Ck:Rka
1| 3600GQ | 140 pF | 1.4x10% | 3.6x10° | 500
2| 250 GQ | 200 pF | 2.0x107* | 2.5 x10° 50
3| 20GQ | 270 pF | 2.7x107% | 2.0x10° | 5.4
41 3GQ | 190pF | 1.9x10* | 3.0x10° | 0.58
51 330MQ | 120pF | 1.2x107% | 3.3x10° 0.04
Tk
Cp = = )
k
Ry
4.2 Cole-Cole Parameter Method
Cole and Cole developed a model with only four parameters that is more predictive that
the one developed by Dow. They showed that it was possible to model a capacitor with
an absorptive dielectric as shown in Figure 8 [6].
FIGURE 8. Cole-Cole model for an absorptive capacitor.
Co—C,,
|0
T
X(s)
Cﬁ Zn
|
Z
Z, is found by removing C,, and C — C,, from the expression for Y(s).
(Cy—C.)s
Y(s) = sC + ———— = sC_+ Y (s) (10)
1+ (S‘CO)1 -
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(Cy—C)s (Cy—C.)s 1

Yl(S) = 1_‘_(310)1705 - - ST, - Z,(s) (11)

(s79)"

(sty) " + 5T

S e (12)

(Co—CL)(sT) s

1 To
Z.(s) = + 13
1) = e = € )" (13)
219) = eyt Aa) (14

T

Zn(s) = - (15)

(Co—C)(s579)”

Z has some interesting properties that make it a particularly easy function for which to
synthesize an approximation. Notice that Z, is proportional to 5%, so its Bode plot is
simply a straight line with a slope of —o.. Notice also that the ratio of Xs/R 4 is constant
over frequency and consequently so is the phase of Z,, which equals —to.. An exact
model of Z, would be distributed, but a lumped approximation is created simply by
alternating poles and zeros exponentially along the real frequency axis, as shown in
Figure 9.

FIGURE 9.

A lumped approximation to Z .

log |Z]
A
N

\= log f

Once the frequency range of interest is chosen, the accuracy is solely dependent on the
order of the approximation network, while the slope of the approximation in the range
of interest is controlled by the relative spacing between the poles and zeros.

This model is easily generated once the Cole-Cole equation parameters are known.
These parameters are related to features of both the time- and frequency-domain
responses in the following paragraphs to aid in the process of their discovery.
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Cole and Cole showed that the discharge current of a capacitor that has been charged for
a long time and suddenly shorted follows the curve shown in Figure 10 [7]. For values
of time much greater than 7 the current asymptotically approaches a slope on a log-log
scale of «(2—av). For values of time much less than 1 the slope approaches —o (one can
also see these slopes in the measured data of Figure 6).

FIGURE 10. Absorptive capacitor discharge current.

log 7

\ —
\‘TO %i)
log ¢

X

The following observations stem from the frequency domain plots of Figures 4:

. The capacitance equals C,, for  » 1/1,.

. The capacitance equals Cj, for o « 1/7,.

. Cyis always greater than C..

. 1/ is near the frequency where the ratio of X/R is the smallest?.
. The log-log slope of R at ® « 1/1 is —0L.

. The log-log slope of R at ® » 1/1( is —(2—01).

. As o increases, so does the ratio of X/R at @ = 1/1,.

0 N L kAW N~

. As Cj approaches C,,, R decreases.

Given the above information, the right equipment, and enough patience, it should be
possible to determine C, C,,, o and 1. This was done for the capacitor characterized in
Figure 2. Using only the information contained in Figure 2, the following Cole-Cole
parameters were chosen:

C.=10nF
Cyp=225nF
To=1s
a=0.75

From this data, Z, calculated using (15) and plotted in Figure 11, is

Z = — L (16)

L -
(125 nF)s""

Also plotted in Figure 11 is Z,’, the lumped approximation to Z4. Notice that the first
critical frequency is a pole. This results in Z, being finite at DC, which gives a DC

2. For o =0, 1/7 and this frequency are identical, but as o increases this frequency increases to a
value above 1/1;.
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FIGURE 11. Bode plot of Zy and Z, .
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fot Jao Jo2 Jo2 Joz i3 Joa Jaa Sos Sos logf
impedance of sC, for the overall model. Notice also that the frequencies at which the
approximation Z, " crosses Z, are labeled and denoted f;; on Figure 11.
Values for f; are found using
log(f)) —log(fy)
log(f,;) = log(fy) + z(————) , 17)
2N
1i\aw
fei = fo(‘U)ZN’ (18)
/i
where fo = 1. is the lowest frequency of interest, f| = f¢(on-1) is the highest frequency of
interest, N is the order of the approximation network, and f; is the i crossing of Z,~
and Z,.
From this information, the pole and zero frequencies are found to be
2k—o
N\
o = ) 7 (19
/i
2k+ o
N
for = —fcz;c(—o) e (20)
A
The above equations have been derived by applying simple geometric arguments to
Figure 11. Partial fraction expansion is used to generate the residues of the poles [10],
ZA'(O) = |ZAUFC())| = R()’ (21)
N 5
Ok
Zis) = R[] —— (22)
— -1
k=1 a)p k
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N
Ak
Zf() = Aty ——, (23)
——1
k=1 ('Opk
where
N
0]
A_=R pk. 24)
0 H o,
k=1
, s
A, = Z, (s)(w— - l) (25)
pk §=-0n
Each term in the partial fraction expansion is realized as a parallel RC pair,
_ R
“9) T Res1 (26)
R, = 4, 27)
R
C, = . (28)
k O, Ry

The resulting circuit is shown in Figure 12. Alternatively, one could synthesize a paral-
lel combination of series RC pairs by applying partial fraction expansion to Y, = 1/Z,.

FIGURE 12.

Model of capacitor of Figure 2.

Co—Co 1/ |
I/ I\ |
I\

T~ R

COO

In Figure 13 the response of the model is compared against measured results. Z, was
approximated from 100 mHz to 10 MHz using 8 sections. An equivalent series resis-
tance (ESR = 0.25 Q) and inductance (ESL = 8 nH) have been added to model non-
dielectric absorption related parasitics. The range of Z, " was chosen so that it was accu-
rate over all frequencies where it was significant. Thus it was accurately modeled down
to the ESR corner frequency and up to the ESL resonant frequency. In Figures 14
through 16, the response of the model without ESR and ESL is compared to the results
predicted by the Cole-Cole equation.
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FIGURE 13. Impedance of actual capacitor and model with 0.25 Q ESR and 8 nH ESL.
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FIGURE 14. Impedance of Cole-Cole relation (a) and model (b).
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5.0 FracPole
A new type of basic element is being added to the Spectre circuit simulator that exhibits
the following impedance,
Z(s) = AsB. (29)
This new element is called a fracpole, which is short for fractional impedance pole. It
approximates (29) over the range of frequencies from f to f;.
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FIGURE 15. Response of Cole-Cole relation (a) and model (b) to a negative current impulse.
v
- L - L L - x
s £ 7.7 2 7 &
s g (@
v
- L - L L - x!
P s 2 .7 7 3
= B (b)
FIGURE 16. Response of Cole-Cole relation (a) and model (b) to a positive voltage unit step.
1 1
1 pA: 1 HA:
1 nA 1 nAJ
1 pAd 1 pA-
1 fA: 1 fA:
T T T T T T T T T T T 1 t T T T T T T T T T T T 1 t
z ] o 3 = 5 B s z =
(a) (b)
A subcircuit that implements the Cole-Cole capacitor model that uses the fracpole is
shown in Figure 17 and an implementation is given in Listing 1
FIGURE 17. Capacitor model that includes dielectric absorption.
Co—Co
—TTNAAN, s
ESL ESR L
Ricak Coo/r A
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Conclusion

LISTING 1.

5.1

6.0

Capacitor model that includes dielectric absorption loss.

simulator lang=spectre

subckt absorptivecap (1 2)
parameters cinf cO esr esl rleak tau0 alpha fO f1
L (1 3) inductor I=esl r=esr
C (3 2) capacitor c=cinf
RI (3 2) resistor r=rleak
Cx (3 4) capacitor c=cO0—cinf
DA (4 2) fracpole coef=pow(tau0,1-alpha)/(c0-cinf) slope=—alpha f0=f0 f1=f1 \
profile=dd
ends absorptivecap

Interim Approach

Since the fracpole component is not yet available in Spectre, an alternative is available
on an interim basis. A program, separate from Spectre, is available that takes the frac-

pole parameters and generates a Spectre subcircuit that implements it [17]. Also avail-
able is a program that takes a more direct approach. It takes the Cole-Cole parameters

that describe the capacitor and uses the fracpole program to directly generate a Spectre
subcircuit description of the form shown in Figure 17.

Conclusion

6.1

The importance of dielectric absorption at low frequencies is well known. It often limits
the accuracy of analog sampled-data circuits such as sample-and-holds and switched-
capacitor ADCs. However, as shown, dielectric absorption affects the behavior of the
capacitor over its entire usable frequency range. As such, its affect at high frequencies,
where it limits the Q of the capacitor, can be just as important, though it is generally not
well understood or recognized.

Two models were given that are capable of accurately representing dielectric absorption
over a very broad range of frequencies. These models allow designers to accurately
determine the affect of dielectric absorption on their circuits.

If You Have Questions

If you have questions about what you have just read, feel free to post them on the Forum
section of The Designer s Guide Community website. Do so by going to www.designers-
guide.org/Forum.

Postscript

I would like to thank Robert Tso of TelASIC Communications, Inc. for pointing out sev-
eral small errors in the manuscript and Cairong (or Charlie) Hu for pointing out a flaw
in the da program.
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Prof. J. A. Tenreiro Machado has pointed out that the fracpole is an application of frac-
tional calculus (FC) modeling, and that there is a well established community studying
FC and its applications. He continued by saying that the algorithm for modeling frac-
tional poles with a collection of poles and zeros was first proposed by A. Oustaloup
some years ago [19] and that Bohannan also published some interesting work where
attempts to exploit the fractional order nature of capacitor, or what he calls ‘fractance’
[3], which is the characteristic exhibited by a ‘fractor’. He references work that presents
ideas similar to those presented in this paper, but based on a model of the dielectric
developed by Curie that dates back to 1889 [15,24].

Fracpoles also play a role in modeling batteries [2], where a fracpole is referred to as a
Warburg element and is used to model electrochemical diffusion. There are several dif-
fusion models, but the simplest is the Warburg element [13]. A Warburg impedance ele-
ment can be used to model semi-infinite linear diffusion, that is, unrestricted diffusion to
a large planar electrode. Its impedance is

Zy = —. (30)

One models a parallel plate electrochemical cell using Randles’ circuit, which employs
a Warburg element to represent the electrochemical diffusion. Randles’ circuit is an
equivalent electrical circuit that consists of an active electrolyte resistance Rg in series
with the parallel combination of the double-layer capacitance Cy and the impedance of
a faradaic reaction. The impedance of a faradaic reaction consists of an active charge
transfer resistance R and a specific electrochemical element of diffusion 4y, which is
the Warburg element [1,22,25].

FIGURE 18. Randles circuit model of an electrochemical cell.
Ca
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